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Priors for second-order unbiased Bayes estimators

Contribution 2: Systematic construction of an asymptotically unbiased prior

Integration
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Define functions
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Assumptions on the log likelihood
• 𝐻! 𝜃 = 𝐻 𝜃 + 𝑂" 𝑛#$/& , and 𝐻 𝜃  is invertible
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• 𝑋(, … , 𝑋+ ∼ 𝑓+ 𝑥(, … , 𝑥+ 𝜃

• 𝜃 = 𝜃(, … , 𝜃) ∈ Θ ⊂ ℝ)

• ℓ+ 𝜃 = log 𝑓+(𝑥(, … , 𝑥+|𝜃)

• 𝜋 𝜃  : prior density of 𝜃

• F𝜃, = ∫" ./ . 012 ℓ# . 4.

∫" / . 012 ℓ# . 4.
 : Bayes est. 

Regularity conditions
• 2𝜃./ − 𝜃 = 𝑂" 𝑛#$/& , where 2𝜃./ is the MLE

• ℓ! 𝜃 = 𝑂" 𝑛

• ℓ! 𝜃  is three times continuously differentiable
• 𝜋 𝜃  is differentiable

• 𝐻!(𝜃) = − $
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ℓ! 𝜃  is invertible

• 𝐻!( 2𝜃./) is positive definite

Setup & Assumptions

Code

Simulation

Datta & Ghosh. (1991). Bayesian prediction in linear models: Applications to small area estimation.

Model
 𝒚𝒊𝒋 = 𝒙𝒊𝒋7𝜷 + 𝒗𝒊 + 𝝐𝒊𝒋	 𝒊 = 𝟏,… ,𝒎, 	𝒋 = 𝟏,… , 𝒏

𝑦$!, 𝑥$!𝑦$$, 𝑥$$

…

Area 1

𝑦0!, 𝑥0!𝑦0$, 𝑥0$

…

Area 𝑚

…

Asymptotically unbiased prior
 𝝅 𝜽 ∝ 𝝈𝟐 𝝈𝟐 + 𝒏𝝉𝟐 9𝟐

・ 𝑣# ∼ 𝑁 0, 𝜏$ , 𝜖#%, … , 𝜖#& ∼#.#.(. 𝑁 0, 𝜎$ , 	 𝑣# ⊥ 𝜖#)

・ 𝜃 = 𝜃%, … , 𝜃*, 𝜃*+%, 𝜃*+$ = 𝛽, 𝜏$, 𝜎$ ∈ ℝ*+$

・ 𝑚 : number of areas, 𝑚 → ∞

・ 𝑛 : number of units in an area, fixed

・ Observe 𝑦!" ∈ ℝ, 𝑥!" ∈ ℝ#, independently for each 𝑖

Contribution 3: New prior for the random effects model
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AU Asymptotically unbiased prior 𝜋 𝜃 ∝ 𝜎$ 𝜎$ + 𝑛𝜏$ ,$

JF Jeffreys’ prior for τ$, σ$ 	 𝜋 𝜃 ∝ 𝜎$ 𝜎$ + 𝑛𝜏$ ,%

DG Prior of Datta & Ghosh (1991) 𝜋 𝛽 ∝ 1, 	 𝜏$ ∼ 𝐼𝐺 𝑎- , 𝑏- , 	 𝜎$ ∼
𝐼𝐺 𝑎. , 𝑏.

Background: The Challenge of Bias in Bayes Estimation
・Bayes estimators generally have 𝑶(𝒏9𝟏) bias with 𝑛 sample size
・Asymptotically Unbiased Priors (Hartigan, 1965) yield second-order unbiased Bayes estimators, i.e. bias = 𝒐 𝒏9𝟏

・Limitation: Hartigan's work assumes i.i.d. data, which excludes many models (e.g. Bayesian regression analysis)

Purpose: Extend the theory of second-order unbiased Bayes estimators to non-i.i.d. settings

Hartigan. (1965) The asymptotically unbiased prior distribution.

* The bias of 𝛽 remains small and stable across priors and sample sizes

Contribution 1: Characterization of asymptotically unbiased priors for non-i.i.d. models
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