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Infinite-Width Limit of a Single Attention Layer: Analysis via Tensor Programs

NETSOR Program
Consider a feed-forward neural network as a finite set of random vectors ℎ!, … , ℎ" ∈ ℝ#, 
which is inductively generated as follows:
• 𝒱$ ⊂ {ℎ!, … , ℎ"}: fixed set of initial vectors (input layer)
• Each ℎ% ∉ 𝒱$ is generated either by:
• MatMul: matrix multiplication ℎ% = 𝑊ℎ& , 𝑊 ∈ ℝ#×#

• Nonlin: coordinatewise nonlinearity ℎ% = 𝜙 ℎ&! , … , ℎ&" , ℎ(% = 𝜙 ℎ(
&! , … , ℎ(

&" 	 (𝛼 ∈ 𝑛 )

Setup & Assumptions
• 𝑟,𝑚 ∈ ℕ satisfy 𝑚 ≥ 2𝑟
• Consider a NETSOR program, and suppose all nonlinearities used in Nonlin are pseudo-
Lipschitz

• 𝑔!, … , 𝑔) ∈ ℝ# are vectors in NETSOR generated by MatMul

• A subset {𝑔*,&}*∈ - ,&∈ . ⊂ {𝑔!, … , 𝑔)} is defined by	𝑔*,& = 𝑊*,&𝑥*,& , 𝑥*,& = 𝜙*,& 𝑔!, … , 𝑔)

• Each 𝜙*,& is bounded and pseudo-Lipschitz
• The weight matrices 𝑊*,& ∈ ℝ#×# satisfy:
1) {𝑊*,&}*∈ - ,&∈ .  is not used for any 𝑔 ∈ {𝑔!, … , 𝑔)} ∖ {𝑔*,&}*∈ - ,&∈ .
2) 𝑊*,& may be the same matrix as 𝑊*#,&#	 unless 𝑖 = 𝑖0, 𝑗 ≠ 	𝑗’

• Define the scalar dot-products by 𝑝* = 𝑛1!/. 𝑔*,! 3𝑔*,. 𝑖 ∈ 𝑟

General Result Using Tensor Programs
CodePaper

Theorem (informal)
Let ℎ!, … , ℎ% ∈ ℝ# be vectors whose elements are given by

ℎ(
& = 𝜑& 𝑔(! , … , 𝑔(), 𝑝!, … , 𝑝- α ∈ 𝑛 , 𝑗 ∈ 𝑘 ,

where each 𝜑& is pseudo-Lipschitz. Then, for any bounded and pseudo-Lipschitz 
function 𝜓:ℝ% → ℝ, we have

where
• 𝑍4$ = 𝜑& 𝑍5! , … , 𝑍5" , 𝑝!∘ , … , 𝑝-∘ 𝑗 ∈ 𝑘 .
• (𝑍5! , … , 𝑍5") is statistically independent of (𝑝!∘ , … , 𝑝-∘).
• (𝑍5! , … , 𝑍5") is defined as in Yang (2019).
• (𝑝!∘ , … , 𝑝-∘) is Gaussian with 𝔼(𝑝*∘) = 0 and Cov 𝑝%∘ , 𝑝*∘ = 𝐸 𝑍5%,!𝑍5%,'𝑍5(,!𝑍5(,' ,  where 

{𝑍5%,$}*∈ - ,&∈ .  is defined as in Yang (2019).
As a corollary, we have
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#
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𝜓 ℎ!# , … , ℎ!% 	⟶
&
𝔼 𝜓 𝑍'! , … , 𝑍'" 𝑝#∘, … , 𝑝)∘ 	 𝑛 → ∞ ,

ℎ*# , … , ℎ*% ⟶
&

𝑍'! , … , 𝑍'" 	 𝑛 → ∞ .

• Goal: Understand how information propagates in wide NNs
• Approach: Take the infinite-width limit and observe information 
propagation; check whether it explodes, vanishes, or stays stable

• For standard NN architectures, ℙM ⟶
M→N

Gaussian	(+correction	term) 
• Notable frameworks: NNGP (Lee+ 2017; Matthews+ 2018), TP (Yang 2019)

Background: Infinite-Width Limit of NNs

⟶
!→#

∼ ℙ!

width = 𝑛

(c.f. 𝑛 ≈ 10! for GPT-3)

𝑖th row vector of the attention output Attn 𝑋 ∈ ℝ'×! is

Limit Distribution of an Attention Output
Suppose the network does not contain an 
attention layer prior to {𝑦)})∈[']. Then,

where
•  {𝑍 -.!,#}/∈ ' ,1∈ 2   is independent of {𝑝),/

∘ 1 }),/∈ ' ,1∈ 2

•  {𝑍 -.!,#}/∈ ' ,1∈ 2 ∼ 𝑁 0, 𝜅
•  {𝑝),/

∘ 1 }),/∈ ' ,1∈ 2 ∼ 𝑁(0, 𝜅4)
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Result: Non-Gaussian Limit of Attention 
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Simulation
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• 𝑍8$ , … , 𝑍8% 	 is Gaussian conditional on {𝑝),/
∘ 1 }

→ It	follows a conditionally Gaussian (hierarchical Gaussian) structure
→ Marginally, it is inherently non-Gaussian

•  A new framework distinct from existing Gaussian-based approaches is 
essential

Implications

Architectures with non-Gaussian-
based limit distribution

attention
etc.

LSTMMLP
CNN

RNN

Architectures with Gaussian-
based limit distribution

• Attention output Attn:ℝ'×! → ℝ'×! is
Attention Cannot Be Approximated by a Gaussian

• Attention outputs are empirically known to be 
non-Gaussian

• Prior work employs tailored assumptions (e.g., 
infinite heads, 1/𝑛-scaling of attention scores) to 
make NNGP and TP applicable
→ We derive the limit distribution of attention 
without relying on such assumptions

(Extracted from Hron+ 2020, Figure 1)

Blue: Attention output (log scale)
Red line: log-Gaussian
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Message: The infinite-width limit of an attention layer is 
described by a non-Gaussian distribution


